High Rayleigh number convection in a fluid
overlaying a porous bed

D. Poulikakos*, A. Bejant, B. Selimos* and K. R. Blake**

A series of numerical experiments concerning the phenomenon of natural
convection in a two-layer composite system heated from below is reported. The
composite system consists of a fluid layer bounded from below by a porous bed
saturated by the same fluid. The numerical solutions are based on the full equations
for time-dependent flow, and document the main features of the flow at Rayleigh
numbers several orders of magnitude above critical value. The ranges covered by
the numerical splutions are 10?=108 for overall Rayleigh number, 1077—=10"* for
Darcy number, and 0.2—1 for the height to length ratio of the composite system.
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Introduction

The object of this paper is to report the main conclusions
of a numerical study of the phenomenon of natural
convection in a fluid layer that is bounded from below by
a porous bed saturated with the same fluid. The composite
(fluid-bed) layer is heated from below. The large volume of
research devoted already to the study of Benard-type
convection either in pure fluids''? or in homogeneous
porous media># is the best measure of the importance of
this fundamental phenomenon. However, there are
numerous environmental and engineering circumstances
in which fluid layers and fluid-saturated porous layers are
heated together, not separately, from below (eg horizontal
layers of fibrous insulation, grain storage installations,
post-accident cooling of nuclear reactors). With regard to
environmental engineering applications, we note that the
thermal circulation in lakes, shallow coastal waters and
other reservoirs is influenced by the interaction between
the body of water and the water-saturated substrate.

In contrast to the attention received by Benard
convection in single layers (fluid layers or fluid-saturated
porous layers), the phenomenon that occurs in a
composite layer has escaped scrutiny. Exceptions to this
pattern are provided by Refs 5-9. In connection with the
problem of post-accident cooling of nuclear reactors,
Somerton and Catton® and Rhee et al® report the linear
stability analysis of natural convection in a bed of heat-
generating particles cooled from above by a layer of fluid.
The same problem without internal heat generation was
formulated analytically by Nield”®; however, the full
equations that resulted from linear stability analysis were
not solved. Instead, Nield reported closed-form
expressions for the critical Rayleigh number for limiting
values of the dimensionless parameters that rule the
convection phenomenon. Experimental data that are
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relevant to the critical Rayleigh number range of the same
problem as Nield’s have been reported by Sun®.

The present study goes beyond the territory
covered by Refs 5-9 and focuses on the high Rayleigh
number regime of thermal convection in the composite
layer geometry. The numerical experiments described
below are based on the full equations for time-dependent
flow and offer a view of the phenomenon at Rayleigh
numbers that are several orders of magnitude higher than
critical value.

Mathematical formulation

Consider the two-layer configuration sketched in Fig 1. A
horizontal fluid layer of depth h floats on top of a porous
bed of thickness k. The overall thickness of the composite
layer is denoted by H. The two horizontal walls that
bound the system from above and from below are
assumed impermeable and isothermal, with temperatures
Te and Ty, respectively. It is assumed further that the
system is potentially unstable: in other words, that Ty > T¢.
and that the fluid residing in the h-deep upper layer and in
the pores of the substrate expands upon heating.

The focus of this study is on the convection regime,
that is, on situations characterized by fluid flow and
convective heat transfer in the two-layer configuration.
Unable to study the flow numerically in a domain that
extends to infinity in the horizontal direction, we select for
analysis a section of finite length L and assume that the
vertical walls located at x=0 and x= L are impermeable
and adiabatic. It is well known that the finite length L will
have an effect on the computed field only when it is
comparable to (and, certainly, when it would be smaller
than) the horizontal length scale of each two-dimensional
roll of the Benard flow. In a domain where L is fixed, the
rolls become thinner and multiply as the bottom-top
temperature difference increases. For example, if the HxL
domain contains only fluid-saturated porous material, the
horizontal thickness of each roll decreases as HRay ™ '/?
since the Darcy-Rayleigh number Ray = Kgf(Ty — Tp)/ov
increases!?. It follows that in the high Rayleigh number
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regime the overall length L ceases to influence the overall
characteristics of the flow, since it is large enough to
accommodate an increasing number of rolls whose
individual geometry is independent of L.

The fluid layer (h,<y<H)

The conservation of mass, momentum and energy in the
system of Fig 1 is accounted for by two different sets of
partial differential equations, one set for each layer. For
the upper fluid layer we invoke the Navier—Stokes—
Boussinesq equations:

V-u=0 (1
Ou 1 2
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where x and y refer to the cartesian system of coordinates
in Fig 1, and where w(u,v), T, P, v, a, B and p, are the
velocity vector and its components, the temperature,
pressure, kinematic viscosity, thermal diffusivity,
coefficient of thermal expansion, and density (subscript 0
denotes a reference state). The g vector is the gravitational
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Fig 1 Schematic diagram of a two-dimensional layer of
Sluid floating on top of a porous bed heated from below

acceleration pointing in the negative y-direction. In
accordance with the Boussinesq approximation the fluid
density is assumed constant in every term except in the
buoyancy term of the momentum equation where its
dependence on temperature is assumed linear,

p=pol1-B(T-T)] “)

The numerical experiments described below,
under ‘Numerical procedure’, are based on a
dimensionless version of Eqs (1)~(3). Introducing the new
variables

(* %) =(x,y)/H, (u*,v*) = (u,v)/(v/H)
t*=t/(H?/v), T*=(T- T}/(Ty — T)

and the dimensionless streamfunction (*) and vorticity
(@*),

%)

oy oy
ay—*zu*, = —v* 6,7)
o=~V ®)
the dimensionless equations become
Ow* RadT*
i - *=V2 * 4~ 9
8t*+Vuw w+Pr6x* 9
oT* 1
V-uT*=—_—V2T* 1

P +V-u PrV (10)

where Ra and Pr are the overall Rayleigh number and the
Prandtl number,

_gBHAT—T)
Vo

Ra (11)

pr=_ (12)

The porous layer (O<y<h,)

For the fluid-saturated porous bed we use the
homogeneous porous medium model coupled with the
Darcy flow model. This description is well known®#; in

Notation

Da Darcy number, K/H?

g Gravitational acceleration

h Thickness of fluid layer

h,  Thickness of porous layer

H  Overall thickness of composite layer
k Thermal conductivity

K  Permeability

L Horizontal length

Nu Nusselt number, QH/kL(T,; — T)

P Pressure

Pr  Prandtl number, v/x

Q  Overall heat transfer rate

Ra Rayleight number, gBH*(T;; — Ty)/av
t Time

T  Temperature

T. Cold wall temperature

T, Hot wall temperature

up Velocity components (Fig 1)
x,y Cartesian coordinates (Fig 1)
o Thermal diffusivity of fluid

Thermal diffusivity of fluid-saturated porous bed
Coefficient in Bevers and Joseph’s matching
condition (Eq (21))

Coefficient of thermal expansion

Relaxation parameter

Kinematic viscosity

Density

Streamfunction

Vorticity

KK

ge® <2 ™

Subscripts

0 Reference property

+  Quantity evaluated on the fluid side of the fluid-
bed interface

—  Quantity evaluated on the porous bed side of the
fluid-bed interface

Superscripts

* Dimensionless variable
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the interest of brevity, we list only the dimensionless set of
governing equations corresponding to the lower layer in
Fig 1:

«_ (RaDa\(a\OT*
v (N o “3)

* 1
Ty aer-(B) L "

The streamfunction y* and velocity vector u* have been
defined already in Eqs (5)«7); however, in the lower layer
discussed here, 1 and v represent the volume-averaged
velocity components of the flow permeating through the
porous bed. The remaining dimensionless variables, x*,
y*,t*, T*, Ra and Pr, have the same meaning as in Egs (5),
(11) and (12). However, in accordance with the
homogeneous porous medium model, the temperature T
represents the local equilibrium temperature of the fluid
and solid phases in the porous bed. New parameters in
Eqs (13) and (14) are the thermal diffusivity of the porous
medium, a,, defined as the thermal conductivity of the
porous medium saturated with fluid divided by the
specific heat capacity of the fluid phase, and the Darcy
number

K
TH?
where K is the permeability of the porous medium in the
Darcy flow regime. As shown below, in the discussion of
the results, the Darcy numbers of the cases selected for

numerical analysis were sufficiently small to assure the
validity of the Darcy flow model.

Da (15)

Boundary and initial conditions

The problem statement is completed by specifying
appropriate boundary conditions around the rectangular
domain of size HxL and along the horizontal interface
(y=h,) between the fluid layer and the porous bed. In the
dimensionless notation defined already, the boundary
conditions along the periphery of the system are

Yy*=0, T*=1 at y*=0 (16)
a *

¢*=6ﬁ*=T*=O at  y*=1 (17)
oT*

tﬁ*=ax*=0 at  x*=0,
L/H and O0O<y*<h/H (18)

oT*

l//*=w*=ax*=0 at  x*=0,

L/H and h/H<y*<l1 (19)

It is worth noting here the difference between Darcy flow
and Navier—Stokes flow, in that the no-slip condition
cannot be satisfied along the bottom wall, Eq(16), and
along the lower portions of the lateral walls, Eq (18). Note
further the zero vorticity conditions (w*=0) used along
the upper portions of the lateral walls, Eqs(19): this
condition is invoked in order to minimize the inhibitive
influence that the lateral walls might have on the flow that
might exist in a much wider domain. The effect of this
particular boundary condition was studied in one series of
numerical experiments in which the w* =0 condition was
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replaced with the no-slip condition Jy*/dx*=0 in
Eqs (19) (see discussion, below).

The matching of the fluid and porous bed
temperatures across the horizontal interface is
straightforward: we simply require that T* varies
continuously across y*=h,/H. However, the matching
conditions for the velocity field deserve careful
examination. The difficulty stems from the fact that on the
fluid side of the interface, y*=(h,/H),, the vorticity-
streamfunction equations (8) and (9) admit two boundary
conditions, whereas on the porous side of the same
interface, y*=(h,/H)_, the Darcy flow model, Eq(13),
permits the specification of only one boundary condition.
In order to overcome this difficulty we used the matching
conditions proposed by Beavers and Joseph!!

vi=v* at y*=h/H (20
*
C%) =GDa~ 2t —u*) 21)
.

where the subscripts + and — indicate that the respective
quantities are calculated while approaching the interface
from above and from below. The first matching condition,
Eq (20), states that the interface is permeable and that the
vertical velocity component v* varies continuously across
the interface. The second condition, Eq (21), relates the
shear experienced by the fluid that flows along the
permeable surface, (du*/0y*) ., to the velocity difference
between the tangential velocity of the fluid, u*, and the
volume-averaged tangential velocity present in the
porous bed, u*. The Beavers-Joseph constant & is
dimensionless and of order unity. It is worth keeping in
mind that the choice of matching conditions at the fluid—
bed interface depends on the model used to describe the
flow through the porous medium>'%!3, and that the
Beavers—Joseph conditions perform quite well when used
in conjunction with the Darcy flow model!!*14, that is, in
conjunction with the porous medium model adopted in
this study.

The numerical experiments described below
consist of following the time evolution of the flow and
temperature fields starting from the initial condition of
motionless isothermal fluid throughout the H-deep
system,

Y*=0, T*=1 at 1*=0 22)

In accordance with Eqs (16) and (17), the temperature of
the top wall is lowered suddenly to T*=0, and the
bottom wall temperature is kept at T* = 1 throughout the
duration of the experiment, t*>0.

Numerical procedure

The dimensionless equations (8)10), (13) and (14) were
discretized using the control volume formulation
discussed by Patankar!®. The rectangular domain HxL
was covered by n vertical and m horizontal and
equidistant grid lines. The grid points created at the
intersection of interior grid lines were surrounded by
square control volumes in such a way that each control
volume contained a single grid point located in its
geometric centre. It was found that a total of n—2=22
control volumes counted in the vertical direction
(including the two control volumes at the top and bottom
boundaries) constitute an acceptable trade-off between
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accuracy and computation time (Table 1). The number of
control volumes needed in the horizontal direction
depended on the geometric slenderness ratio H/L, for
example, in a domain with H/L=1/2 we used m —2 =42
control volumes in the horizontal direction. In most of the
numerical runs summarized in Table 1, the time step that
was used and yielded convergence was At*=0.1.

The power law scheme, introduced, tested and
recommended by Patankar!®, was employed to calculate
the vorticity from Eq (9), the fluid layer temperature from
Eq (10), and the porous layer temperature from Eq (14).
The fluid layer streamfunction was obtained using Eq (8);
the streamfunction values for the porous layer were
obtained in the same way from Eq(13). In most cases,
underrelaxation was necessary to insure convergence:
y=0.8 is a typical value of the underrelaxatlon parameter
used in this study.

The numerical integration started from the top
wall and proceeded using the fluid layer equations until
reaching the grid points situated immediately above the
horizontal interface y=h,. Next, the discretized form of
the interface matching condmons (20) and (21) was used to
advance the solution from the lowest grid points of the
fluid layer to the uppermost grid points of the porous
layer. Note that no grid points were positioned along the
interface. Following this procedure of crossing the
interface, the discretized form of the porous medium
equations was used to advance the solution down to the
bottom wall. After sweeping all the grid points of the HxL
domain, the time t* was increased by one time step Ar*.
The entire procedure was repeated until steady state was

Table1 Summary of numerical results

Number of
control
volumes

Da & *

max

H/L Ra Nu Y

1/2 1072 1 08 10°% 1 10-3% 22x42

103 1.15 0.287
104 2.70 4.12
108 5.285 12.51
106 12.35 45.161
1/2 108 5814 08 106 01 1245 22x42
5.82 05 1248
5.83 5 12.53
5.832 10 12.55
1/2 10° 583 08 10°* 1 1262 22x42
5.82 105 12.51
5.82 107 12.51
1/2 108 436 08 10°% 1 7.99 12x22
5.825 1267 22x42
6.1 134 32x62
1 108 2.795 0.8 10-% 1 213 22x22
2/3 42 574 22x32
2/5 8.401 29.83 22x52
1/3 9.04 46.88 22x62
2/7 9.36 62.82 22x72
1/4 94 70.562 22x82
2/9 9.6 83.03 22x92
1/5 10.1 103.0 22x100
1/4 10° 94 08 10°% 1 70.562 22x82
5x10% 9.9 76.74
106 11.75 84.38
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reached and the temperature and flow fields satisfied the
criterion

IIM§
IIM=

l¢r+1 ;,jl
z Z '¢r+1

i=1j=1
where ¢ stands for T* or y* and r denotes the number of
time steps counted from the beginning of the time-
dependent solution.

Additional calculations were carried out in order
to evaluate the effect of fluid motion on the overall heat
transfer rate between the two horizontal walls that confine
the composite layer,

0= —kf(g;{) dx (24)
0

The overall heat transfer rate can be expressed in
dimensionless form as the conduction-referenced Nusselt
number

<1074 23)

B 0
kL(Ty—TY/H

that, in terms of the dimensionless variables of the present
formulation, becomes

e

A Nusselt number expression analogous to Eq (26) can be
written by integrating the heat flux along the top wall
(y*=1). This second Nu calculation was carried out and
the results were found to be in good agreement with the
values obtained on the basis of Eq (26).

The effect of grid fineness on the flow and heat
transfer predictions is documented in the fourth group of
runs assembled in Table 1, ie for the case of one of the
highest Rayleigh numbers considered in this study
(Ra=10%). As the grid changes from 22 x 42 to 32 x 62, the
overall Nusselt number increases by 4.5%: keeping in
mind that the Nu change becomes considerably smaller at
lower Ra values, the grids chosen for this study were all as
fine as the 22 x 42 grid used for H/L=1/2. The effect of
grid fineness on the streamfunction maximum y¥, is
similar to the effect on Nu. Furthermore, given the
thickness of the line that was used in drawing the
streamline patterns of Fig2, there would be no visual
difference between the patterns calculated with 22 x 42
and 32 x 62 grids. For these reasons, we used the fineness
of the 22 x 42 grid (when H/L=1/2) as a good trade-off
between high accuracy and high computation cost.

(25)

Discussion of results

Relative to the classical two-dimensional Benard
problem, which depends on three dimensionless groups
(Ra, Pr and H/L), the phenomenon of natural convection
in the two-layer geometry of Fig 1 depends on four
additional parameters (Da, h,/H, a,/x and the Beavers—
Joseph parameter &). In the face of so many parameters
that might be able to change the complexion of the flow,
we made a special effort to analyse the effect of one
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Fig 2 Patterns of streamlines and isotherms showing the effect of increasing the Rayleigh number (H/L=1/2, Da=1 0-s,
@=1): (a) Ra=10% (b) Ra=10% (c) Ra=105; (d) Ra=10°

parameter at a time and place more emphasis on those
parameters that distinguish the present problem from the
traditional Benard flow in a homogeneous medium.

The relevant overall parameters of the numerical
experiments performed in this study are summarized in
Table 1. Throughout these experiments the Prandtl
number, the thermal diffusivity ratio and the position of
the fluid-bed interface were held fixed,

Pr=17, 2=, £=0.5 (27)

Int. J. Heat & Fluid Flow

We selected these particular values in order to facilitate
the job of comparing the present results against future
laboratory simulations (the most frequently used
laboratory fluid is water, and the porous bed usually has a
high enough porosity so that o, R a).

The message of the numerical results assembled in
Table 1 becomes clearer if we first take a look at the kind
of flow and temperature patterns that rule the convective
steady state in the rectangular domain HxL. Fig 2 showsa
sequence of four solutions, where all the dimensionless
parameters are held fixed except the Rayleigh number.
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From Fig 2(a) to 2(d) the Rayleigh number increases by
one order of magnitude at a time from 103 to 105. To the
eye that is already acquainted with the main features of
Benard convection in homogeneous layers, this sequence
of flow patterns reveals both expected and unexpected
characteristics. Expected is the symmetric cellular flow
whose intensity increases with the Rayleigh number.
However, in the Ra range 10°-10° the number of two-
dimensional rolls does not change.

One new feature of the patterns of Fig2 is the
presence of kinks in the streamlines that cross the plane of
the fluid-bed interface. These kinks appear to be less
visible as Ra increases (compare, for example, Fig 2(a)
with Fig2(d)). Another way of stating the same
observation is to say that while decreasing the Rayleigh
number and keeping everything else constant, the flow is
progressively forced out of the porous bed.

Another interesting characteristic that was
revealed consistently by the numerical solutions is the
flow reversal that is observed as Ra increases. In the
sequence displayed in Figs 2(a)-2(d), the sense of rotation
of the left roll changes from clockwise in Figs 2(a) and 2(b)
to counterclockwise in Figs 2(c) and 2(d). (Note that at the
same time the sense of the right roll changes from
counterclockwise to clockwise: the flow symmetry about
the vertical midplane is preserved, as is required by the
boundary conditions (18) and (19).) Additional runs using
different aspect ratios (H/L), Beavers-Joseph factors (&)
and relaxation factors (y) showed that the flow reversal
does not disappear. The flow reversal behaviour is also
insensitive to changing the zero vorticity boundary
condition in Eqs(19): this finding is discussed below in
connection with the solutions for shallower domains
(Fig 4).

Related to the numerical solution displayed in
Fig 2(c), the next two graphs show the conclusions of
investigating the effect of Darcy number and Beavers—
Joseph factor (Figs 3(a) and 3(b)). It is clear that in the
range covered by these tests the effect of changes in Da and
& is insignificant. It is important to note that in the present
study the Darcy number values have been restricted to the

10
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10~7 10-6 10-5 10-4
a Da
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o) o o >
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2 bt Pt

0.1 1 10
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a

Fig 3 Numerical tests showing the insensitivity of the
solution to changes in Darcy number and in the Beavers—
Joseph parameter: (a) Nu versus Da (Ra=10°, H/L=1/2,
&=1); (b) Nu versus & (Ra=10°, H/L=1/2, Da=10"9%)
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Fig 4 Patterns of streamlines and isotherms showing the
effect of decreasing the overall geometric aspect ratio
(Ra=10°,Da=10"%a=1)

10~ 7-10"* range in order not to violate the Darcy flow
model, Eq (13). In the earliest numerical study of natural
convection in a rectangular enclosure filled with porous
medium and heated from the side, Chan et al'® showed
that the Darcy flow model is adequate if Da is less than
10~ 3. The same issue, ie the goodness of the Darcy model
versus the Brinkman-extended Darcy model (which
allows the imposition of the no-slip boundary condition
along a solid wall), was considered in depth by a number
of more recent studies!” 2%, For example, in terms of the
present notation, Tong and Subramanian?? found that
the Darcy flow model applies to natural convection in an
H-tall porous layer heated from the side if

KgpAT
oy

Da<10* (28)

where AT is the side-to-side temperature difference.
Noting that in Darcy flow the maximum velocity scale in
layers heated from the side?! is the same as in H-deep
porous layers heated from below!? (namely KgBAT/v), the
validity criterion (28) can be used in the present study with
reference to the porous bed section of Fig 1. Recalling the
definition of overall Rayleigh number Ra, Eq(11), the
condition (28) translates into

Da<10"2Ra™1/? (29)

In the case of Ra= 10°, Fig 3, the above criterion yields
Da<0.3 x 10+ as the upper limit of the Darcy number
range in which the present numerical experiments are
justified. This scaling conclusion is consistent with the
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Darcy number order of magnitude considered in the
present study.

Taken together, Figs 2(c), 4(a) and 4(b) illustrate
the effect of decreasing the aspect ratio H/L while keeping
the overall Rayleigh number constant. As one reads this
sequence of flow and temperature patterns, every
dimension of the problem remains fixed while only the
horizontal dimension L increases. We see that as the
aspect ratio decreases from 1/2 to 1/5 the number of two-
dimensional cells does not change. The crowding of the
flow around the vertical mid-plane of the HxL domain
appears to be insensitive to the widening of the flow
region. At the same time, however, the circulation
becomes more intense. Fig 4(b) shows the beginning of the
process of cell multiplication, which is expected as H/L
decreases. The phenomenon of discrete cell multiplication
is amply documented in two recent studies of Benard
convection in a pure fluid layer?? and a pure porous
layer?3, which used the same numerical scheme as the
present study.

In order to verify that the artificial imposition of
lateral boundaries does not influence appreciably this
behaviour, we replaced the w* =0 condition of Eq (19)
with that of no-slip (éy*/0x*=0). We found that this
change does not affect the overall structure of the flow. In
going from zero vorticity to zero vertical velocity along
the upper sections of the two lateral walls the only visible
change appears to be the roughly 15% decrease of the
streamfunction maximum. The corresponding change in
overall Nusselt number is smaller than 15% (this
behaviour is consistent with the relative effect of grid
fineness on ¥, and Nu (Table 1)).

An overall view of the heat transfer characteristics
of the two-layer system is provided by Fig5. The
transition from the conduction regime to convection
occurs rather abruptly in the Ra range 500-600. The high
Ra end of this transition is illustrated by the sequence
presented in Fig 2. At Rayleigh numbers that are at least
one order of magnitude above critical value, the overall
Nusselt number data define the power law curve

Nu=~0.129Ra®33, (H/L=1/2) (30)

The 0.33 exponent of Ra matches the value 1/3
recommended by the scales of Benard convection in a
pure fluid!°®,

The effect of varying the aspect ratio is further
illustrated in Fig 6 by plotting the overall Nusselt number
as H/L changes in relatively small steps from 1/5 to 1. In
the direction of small aspect ratios the Nusselt number is
relatively insensitive as the cells multiply stepwise to fill
the space created by increasing L. In the opposite

10k o]
2 E ©
B o
1A P 1A ! |
102 103 104 108 108
Ra

Fig 5 The relationship between the Nusselt number and
the Rayleigh number in the convection regime (H/L=1/2,
Da=10"%a=1)
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Fig 6 The effect of the overall geometric aspect ratio on
the Nusselt number (Ra=10°, Da=10"%, 64=1)

direction, however, there is a definite decrease in the slope
of the Nu-H/L curve as H/L increases above
approximately 0.4. This behaviour suggests that in the
range H/L>0.4 the lateral walls are close enough to
interfere with (and slow down) the circulation.

Conclusion

In this study we relied on transient numerical experiments
to illustrate the occurrence of convection in a fluid layer
which floats on top of a fluid-saturated porous medium
that is heated from below. These numerical simulations
provide for the first time a view of the main features of the
flow in the convective regime, ie at Rayleigh numbers
considerably larger than the critical value needed for the
onset of convection.

Although many of the flow characteristics confirm
the expectations based on previous knowledge of Benard
convection in pure fluids and homogeneous porous
media, the numerical solutions obtained for the composite
layer configuration of Fig 1 reveal a number of special
features that deserve future attention. Among these, the
effect of changing the (porous bed){pure fluid) interface
model, Eqs (20) and (21), requires further numerical study
and comparison with laboratory measurements. The
present solutions are all based on transient numerical
experiments that evolve to a steady state: we did not
attempt to solve the steady state problem directly (ie by
dropping the d/dt terms from the governing equations).
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